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A modified Peierls-Boltzmann transport equation formalism for phonons is applied to Fröh-
lich's vibrational model. In this model a set of oscillators it nonlinearly coupled to the rest of 
the system, which can be taken as a heatbath. An external energy supply leads to an additional 
excitation of the modes. The Hamiltonian for the model is presented and the kinetic equations 
are derived. The steady state solutions show that under certain conditions the lowest mode be-
comes strongly excited, when the phonon flux increases. The resulting excitation far above the 
thermal value corresponds to a preferred channeling of energy into a single mode (Bose conden-
sation-like excitation). Correspondence with Fröhlich's rate equation approach is established and 
the quasi phase transition-like behaviour is discussed. 

1. Introduction 

In a series of papers Fröhlich has promoted the 
ideas that electric vibrations with frequencies of 
the order of 1011—1012 Hz should be coherently 
excited in active biological materials [1 — 8], These 
coherent oscillations should play an important role 
in the order and function of biological systems. 
Therefore one may expect that excitations of the 
proposed type possibly could lead to drastic changes 
in the behaviour of biosystems [3, 6]. 

Fröhlich's proposal has received increasing 
interest and support through some rather exciting 
experimental results. Some evidence for the 
existence of coherent oscillations in the proposed 
frequency region has been found in bacteria [9—11] 
and in yeast [12, 13]. Furthermore Fröhlich has 
presented some model calculations which present 
theoretical support for his ideas. In the "High-
polarization model" the possibility of the existence 
of a metastable highly-polarized state has been 
shown [1, 4]. In the vibrational model on the other 
hand, a nonlinear mode-mode coupling can lead to 
the channeling of energy into a single mode ("Bose-
condensation") [2]. 

Fröhlich has extended his basic ideas to give a 
possible explanation for the extraordinary high 
sensitivity of certain biological systems to extremely 
weak external fields [14—17]. This so-called "Brain 
Wave Model" is based on the assumed existence of 

Reprint requests to Dr. Fr. Kaiser, Institute of Theoretical 
Physics, University of Stuttgart, Pfaffenwaldring 57, 
D-7000 Stuttgart 80. 
0340-4811 / 79 / 0200-0134 $ 01.00/0 

coherent oscillations in biological systems. Therefore 
it is of great importance to find both additional 
theoretical support and experimental evidence for 
Fröhlich's proposals. 

However, it cannot be overemphasized that the 
description of complex biological functions by 
means of single theoretical models is extremely 
difficult. We want to start in this direction by 
investigating Fröhlich's "vibrational model" on a 
microscopic basis. This calculation is intended to 
supplement the phenomenological rate equation 
approach [1, 4]. 

Our model is the same as Fröhlich's one: a set of 
oscillating units (e.g. dipolar electric oscillators) 
which form a narrow frequency band and which are 
suspended in a heatbath. The oscillators are 
assumed to interact nonlinearly with the heatbath. 
Furthermore energy is supplied to each mode of the 
branch from the surroundings. We describe the 
kinetics of the oscillating system by means of the 
modified Peierls-Boltzmann transport equations for 
phonons: The external energy supply is incorporated 
in a "phonon flux" through the system of oscillators. 
The heatbath's kinetics is treated in a similar way, 
but in the respective equations the transport term 
is omitted. 

There have already been some attempts to 
present a microscopic foundation for Fröhlich's rate 
equation approach. Bhaumik et al. [18—20] have 
proposed a model Hamiltonian for Fröhlich's 
vibrational model and employed transition prob-
abilities of Golden Rule type. The coupling has been 
restricted to a linear one with respect to the 
oscillations (phonons) of the dipolar system. Two 
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phonon processes then necessitate the application 
of the second order Golden Rule, which describes 
transitions via energy non-conserving metastable 
states, whereas the direct processes are well 
described by the Fermi Golden Rule itself. Wu and 
Austin [21, 22] have applied a direct perturbation 
theoretical method to the equations of motion for a 
model Hamiltonian, where the nonlinear interaction 
is quadratic in the phonon variables. 

In both approaches the external energy source 
consists of a set of harmonic oscillators, which 
couples linearly to the oscillating units. Both results 
are in a good agreement with Fröhlich's results. 
Furthermore Bhaumik et al. [18] have presented 
rough estimates for some parameters (e.g. line 
width and critical flux) and a comparison with 
available experimental data. 

The purpose of the present work is to apply a 
well-developed transport formalism to Fröhlich's 
vibrational model. This formalism has been chosen 
both to supplement the phenomenological rate 
equation approach and to extend the above cited 
microscopic treatments. 

We start with a short review of the derivation of 
modified Peierls-Boltzmann transport equations for 
phonons. In chapter 3 we present our model system 
and the Hamiltonian for its description. The 
transition probabilities are calculated and the 
resulting transport equations are given. Several 
assumptions and approximations are applied to 
these equations to get a solvable system of non-
linear differential equations. 

Chapter 4 contains the steady state solutions. In 
close analogy to Fröhlich's treatment a formal 
chemical potential is introduced. The conditions 
under which our result corresponds to that of 
Fröhlich are discussed. In order to allow for an 
analytical solution for the steady state excitations, 
we restrict ourselves to a two-mode approximation. 
This is done in Chapter 5. In Chapter 6 we inves-
tigate approximate steady state solutions of the 
complete system. 

In the last chapter (Chapter 7) the results are 
discussed. It is shown that a "Bose-condensation-
like" excitation is possible, if several conditions 
with respect to the material parameters are ful-
filled. It turns out that the "phase" transition to 
the excessive excitation of the lowest mode is no 
sharp one. 

2. Peierls-Boltzmann Transport Equations 
for Phonons 

The aim of the present study lies in a micro-
scopic approach to the question of Bose condensa-
tion like behaviour in certain open and nonlinear 
phonon-systems. A possible way to describe this 
problem is via transport equations for phonons. 

We start with a short review of the derivation of 
modified phonon transport equations. Details of 
these Peierls-Boltzmann equations may be found 
in [23]. Starting point was a bilinear phonon density 
operator n(xX, r, t) and a Hamiltonian which con-
sists of two parts: a harmonic one, Ho, for the 
phonons and a second one, Hi, which describes 
interactions between phonons. A series of con-
ventional transport postulates applied to the 
commutator [Ho, n] in the Heisenberg equation of 
motion led to the wellknown linear transport term. 
Further simplifications of the transport and the 
collision terms (i.e. the commutator \Hi,n\), 
among which we specifically note a spatial averag-
ing procedure, then have been applied. The result 
is the general Boltzmann equation (vid. Eq. (1.29)) 

St <$*>-0(x,t) 
n /(l) (2)\ 

= 2 Z -ZMfcww) (i) m=0 \ii,v fi,v/ 
with 

Rx = ft(xX,t) = b+{xX,t)b(xk,t) (2) 

where b+ and b are phonon creation and annihilation 
operators of mode (xX). The restrictions for the 
summations originate from the separation into 
creation (i.e. gain) and annihilation (i.e. loss) 
processes, i.e. 

(i) 

(2) 

2 -> N<f) = Niv) - m 

with NM = (fji\ax+ax\v)-, m= 1,2, . . . . 
The space-independent phonon flux 0(x,t) is 

given by 
0(x,t) = - V[v(xX) V r d M , r , 0 ] a v . r . (3) 

V is the total volume of the transporting system, 
v(xX) the group velocity. The r.h.s. of Eq. (1) 
represents the collision term. Qv(t) is the diagonal 
part of the density matrix and W ßV(t) is the transi-
tion probability from state | v> to state | fx): 

WßV{t) = - [Li exp(— i(L0 + QLi)) Li]ßßVV. (4) 
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L\ = [H\, ] and LQ — [Ho, ] are the tetradic 
Liouville operators, P = 1 — Q is the diagonalization 
projector. A kind of Markofficity assumption in the 
Master equation for gv(t) is incorporated as well as 
the assumption of vanishing initial correlations [i.e. 
Q£(£ = 0) = 0], which is equivalent to a random 
phase approximation (vid. Equation (1.29)). As a 
next step in the calculations the transition prob-
abilities WßV(t) have been expanded. With the 
restriction to "irreducible transitions" and to a 
specific time scale one is left with transition prob-
abilities of Golden Rule type: 

8, Wuv(t) = 2 n)? Vßvd(Eß - Ev) 

with 

+ 2 T T A 4 

•ö(Eß-

1 Vij = ( H i ) i j . 

2 V ^v(Ea - Eß)~l a 
Ev) + 0(A6) (5) 

| iy and | are arbitrary states, | and | v) is the 
initial and final state, respectively. The detailed 
structure of the transition probabilities depends on 
the interaction Hamiltonian H\ of the transport 
system under consideration. 

Independent from the details of the internal 
phonon interactions the modified phonon-transport 
equation has the following structure. 

0xy - <#*>o 
T* + 0|<tfx>c (6) 

The excitation of phonon mode x (= kK), i.e. <iVx>, 
is influenced by the phonon flux, relaxation and 
collision processes and by changes of these quan-
tities. The necessity to add semiphenomenological 
relaxation path to the kinetic equations was 
stressed in I: they appear as the first terms on the 
r.h.s. of Equation (6). 

3. Model System and Hamiltonian 

Following Fröhlich, we suppose that the biologi-
cal model system consists of the following units: 

(a) a set of oscillators, which represents dipolar 
electric oscillating units. These modes form a 
narrow frequency band {(Oj} with coi ^ (Oj (02 • 
They are considered not to interact with each 
other, but to interact with the rest of the system. 

(b) the rest of the system, which acts as a heatbath. 
It is represented by a set of independent 
oscillators {Qx}. 

(c) an external energy source, which establishes a 
phonon flux. 

In addition to direct two-, three- and four-phonon 
processes between the modes {co/} and the heatbath, 
we take into account additional processes, described 
in a semi-phenomenological way by relaxation 
paths. 

There have been already several attempts to make 
a microscopic theory for Fröhlich's phenomenologi-
cal approach [18—22]. We partially follow these 
approaches, but our particular interest lies on the 
application of phonon transport equations and on a 
possible phase-transition behaviour of the system 
by phonon-flux. 

The modes of the electric dipolar oscillations are 
associated with creation and annihilation operators, 
ai+ and at. The vibrational modes of the heatbath 
are described by the operators bx+ and bx. The 
Hamiltonian for this coupled system of oscillators 
reads 

H = H0 + . (7) 

The harmonic part HQ consists of the system (i.e. 
{coi}) and bath oscillators (i.e. {Qx}), (^=1) 

H0 = cii+ + ax+ ax . (7 a) 
i x 

The interaction between the dipolar modes and the 
heatbath is assumed to be essentially determined 
by bilinear, cubic and quartic coupling terms. The 
interaction Hamiltonian is written as 

#1 = 2 M* ai+ b* + ai bx+) 
i, x 

+ 2 Ui+ aibx+ + X*j* ai a^ b*) 
i, j, x 

+ 2 ( f e ai+ aJ+ b* + ß$H ai ai b*+) (7 b) 
i, j, x 

+ 2 **l ai+ b b l + ötl ai b* bl+) 
i, x, I 

+ 2 (yv*i a i+ b*+ bi + ä a» ai+ b*b i +) • 
t, j, X, I 

Both systems are assumed to be translationally 
invariant. Furthermore, the coupling parameters 
must fulfill this in variance against translation. The 
coupling coefficients X, ß, ö, and y are functions 
of the wave vectors ( i , j ,k. . . ) and the energies 
(eOf, coj, cox ...) of the associated phonon operators. 
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We assume that they are smooth in the energy 
conserving region. This region is rather restricted, 
since a narrow frequency band {&>_/} is given in our 
model. A restriction to frequency and k-vector 
independent coupling parameters will be taken in 
our calculations. 

In Hamiltonian (7 b) we have combined all those 
interaction parts which have been used in the 

microscopic approaches of either Bhaumik et al. 
[18—20] or of Wu and Austin [21, 22]. We want to 
restrict ourselves to those direct and energy conserv-
ing two and three phonon processes, which are 
described by the first two terms of Hi. Changes due 
to the other three terms will be discussed below 
(vid. Chapter (7) and Appendix B). 

Combining Eqs. (1), (5), (6) and (7) we get the 
kinetic equations (ß = d = y — 0) 

81 <ni) = &t 
<nj) — <nj> o 

T i 
27*2 I * I2 - <*<» - Qx) 

+ 2n 2 \x I2 - <ni N*> + O i »*> + <%> <5 (COJ - (Oi - Qx) 
h * 

}>i 

+ 2 n 2 1112 (<nJ N*> — N*> — <ni ni> — <ni» 0 — (Oj — Qx) (8) 
7. * 

i < i 

with 
rij = dj+ aj , Nx = bx+ bx . 

It is wellknown that if the phonon collision term is 
written in a power form, the highest nonlinear terms 
cancel out, i.e. (niNxy in the two- and (i%irijNx)> in 
the three-phonon process, respectively. 

The matrix elements are calculated with a 
product state of independent oscillators 

(9) 

]/Nx\ 
(Vtv*|0>. 

At this state we only can proceed if we postulate a 
factorization procedure, which one always has to 
employ to separate a subhierarchy from the 
hierarchy of kinetic equations. We do not want to 
go into the details of this procedure. In [24, 25] we 
have been able to show that the structure and 
stability of steady state solutions of kinetic 
equations like Eq. (8) are nearly unchanged for 
different decoupling methods. Therefore we choose 
the most simple factorization 

<rii r i j ) = <Wi> (rij> , 

<niNx> = <ni> (Nx>. 

The second factorization seems reasonable, since 
<Nx) will be replaced by its thermal average with 
respect to the heatbath. In addition we expand the 
argument of the <5-functions of Equation (8). 

(Oi — Qx=$kQx\k=i'(i— Is) H 

and 
(Oj — an — Qx= dkQx\k=j-i • ( j — i — k) H 

leading to 
<5 (a>i — Qx) ^s | Vi | d (i — k), 

ö (a>j — (Oi — Qx) = | Vj-i |<5 ( j — i — k) 

with 
= Vitx = 6j (Oi,X. 

With these expansions, one summation in each 
collision term of Eq. (8) can be performed. The 
resulting parameters and the factor 2 n are con-
tained in the modified coupling constants, | £ |2 

and | X |2, respectively. 
The modified and approximated equations then 

read 

dt <ni> = 0t (nty — nj° 

T i 

+ 2 \ h \ 2 « n j > «N((Oj - (Oi)} + <ni> + 1) 
i>i 

- ( m X N i w j - c o i ) } ) (10) 
+ 2 l J i | 2 « ^ > <N((Oi-(Oj)> 

- <n,> (<N((Oi - (Oj)> + <nj) + 1)). 

4. Steady State Solutions 

We want to solve Eqs. (10) for the time indepen-
dent case. For Wi<Wj we get 



138 Fr. Kaiser • Coherent Excitations 138 

and 

I 11 2 NO (cot) + 2 I h !12 (N° K - OH) + 1) <»/>• + + 
<m>. = T — ^ - (11) 

— + W + 2 I H\HN«{<OJ - OH) - <NJ>S) 
ri j>i 

v .0 

1 x 12 NO (mj) + 2 1*2|:2 (coj - coi) <»,>s + + 
<%> S = 7 ^ — (12) 

— + W + 2\h\2(N°(o>j ~ o>i) + <ni>s + 1) 
ri Kj 

where <JVX>S has been replaced by its thermal value Nx°. The index s refers to steady state solution. 
Equation (11) can be rewritten in another way, i.e. 

<»N>b = / l + - 5 — ^ ( e « - - "> - l ) - i (11a) 
+ 1112 No (oh) + 2 I h |12 (No (coj - an) + 1) <%>s 

ti j>i 

with the formal introduction of a chemical potential 

- - - + \l\*N0 (cot) + 2\h\2e-ßaHN0 (co. _ co») (1 + <^>s) 
= ~ ^ ; (ß = llkvT). ( l i b ) 

— + 1112 NO (OH) + 2 | h |2 eK»'-**) (N°(coj - cot) + 1) <n*>s 
ri i > i 

If one introduces the difference between steady state and thermal solution 

dm = (rii) s — ni° 

one gets 

2 I %212 (NO (coj - coi) + 1 + njO) drij + 0f 

dnt = j>i 1 . (11c) 

I *I'2 + — + 2 I Z212(NO(coj - coi) - njO - dnj) T« j > i 

The structure of Eqs. (11a) and ( l ib) has been 
chosen in close analogy to that form, in which (nj)>s > rij0 (14) 

i.e. an excitation above a thermal one. 
Fröhlich has presented the steady state solution of 
his rate equation approach (vid. Appendix A). . . 

The condition > 0 (i.e. exp(— ß(JH)< 1), which J \ 1 S instructive to consider two limiting cases. 
is necessary to permit a Bose-condensation like J { t h e second-order process is neglected (i.e. 
behaviour, leads to I *21* ^ °> * f o l l o w s f r o m Ecl" < U b ) 

21 |2(exp(— ß a>i) N0(coj - coi)(<»,>. + 1) e x P ( - = 1 — = 0 . (15) 
1 > 1 ^ v The result is a modified Planck distribution 

- (N0((Oj - coi) + 1) <nj)s) < 0 . (13a) 
/ 0 

This inequality can be rewritten as (n i )s = I 1 

<13b> - ( - P l ^ « ) - ! ) - 1 - (16) 
i>1 ^ Ml> On the other hand a vanishing phonon flux 0 t 

which means that one must have (at least for results in the modified distribution [vid. Eq. (11a)] 
certain j) <Wi>s = (exp (ß(a>i — fn) — l )" 1 . (17) 
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However, for 0 t = 0 it follows from Eqs. (11), (12) 
or from Eq. (lie) that = and <%)s = is 
one possible solution; it in turn leads to 

exp(— ßjui) = 1. 

Furthermore, this thermal equilibrium solution is 
the only stable solution for zero flux conditions. 
This can be shown by simple stability theoretical 
methods, but for brevity these calculations will not 
be given here. A detailed discussion of Eqs. (11), (12) 
will be presented in Chapter 7. 

In Appendix A we compare our microscopic 
approach (kinetic equations of Peierls-Boltzmann 
type) with the phenomenological approach of Fröh-
lich (rate equation method). It is shown that our 
results are identical with those of Fröhlich under 
the conditions that in our approach 

a) a factorization procedure is applied, 
b) thermal values for the Nx variables are chosen, 
c) relaxation processes are neglected, 
d) the coupling constants are modified and sim-

plified. This in turn means that the frequency 
dependence of the chemical potential is neglected, 

e) the phonon fluxes {0j} are taken as a system 
independent external energy supply. 

5. Two-Mode-Approximation 

It would be difficult to solve the system of 
quadratic equations [Eqs. (11) and (12)] exactly. 
To get a better understanding of the general 
behaviour of , we start by restricting ourselves 
to a system of two oscillators. The same method 
also applies if there are more than 2 modes. The 
complete set of equations will be discussed in the 
following chapter. With a>i = <x>i, coj = a>2 and 
Q x = (02 — eoi we have two kinetic equations [vid. 
Eq.(lO)]: 

0( <>!> = 0 1 - ^ + A «(<tfx> - <«1» 
TL 

+ I Z | 2 ( « " 2 > - < " ! » < $ * > (IB) 

+ <>1> <W2> + <W2>) , 

ET <W2> = 02 - ^ ^ + | A |2 (<NX> - <N2>) 

T2 

+ |z| 2 ( « " I> -<"2»<^*> (19) 
— <W1> <w2> — <rc2>) 

with 
<iV*> - <N(co1)} , 
(Nxy = <^(co2)>, 

= < ^ ( f t ) 2 - o i ) > . 

We wish to solve these equations for the stationary 
case, i.e. when 

3« <™i> = 0 = 6« <w2> • 
From Eqs. (17) and (18) we find 
<wi>s (20) 

_ 1112 NX° + 1 X + *) <^2>S + 01 + WIO/N 

1 / T I + | A | 2 + | ^ | 2 ( ^ X O _ < W 2 > S ) 

(21) 

\l\2Nx° + \i\2$x0 <ni\ + 02 + N2O/T2 

l / r 2 +|I|2+|J|2 (^o + <Wl>s + i) 

Furthermore, summing up Eqs. (18) and (19) we can 
derive the relation 

<̂ 2>s + M I2) + <Wl>s + I ^ I2) 

Wi° W2° 
= 01 + 02 + — + — + \X 2W + Nx0) 

t i r 2 

between the two variables <w2)s and <wi>8. One 
possible realization is of course given by <%2)s = n2° 
and <wi>s = for vanishing phonon fluxes 0\ and 
02, respectively. 

If one eliminates <%2>s in Eq. (20) and <wi>s in 
Eq. (21) one arrives at two quadratic equations for 
the steady state values. They are found to have the 
following structure 

a <rci>s2 + (61 - a i (# i + 02)) <wi>s 

~(ci + ßi0) = O, (22) 

a <w2>s2 - (62 + a 2 (0i + #2)) < 2̂>s 
+ {C2 + ß20) = O (23a) 

where all parameters are positive, 
a, b2, ci, c2, ßi, ß2, ai, a2 > 0 (23b) 

with the exception of 61, i. e. &i < 0. 
From the quadratic Eqs. (22) two pairs of steady 

state solutions can be calculated 
SSI: (24) 

<>2>s, 1 ^ ^2° 
(SS 1 stands for "steady state solution 1"). 
SS 2: O i > s , 2 < 0 , (25) 

<W2>s, 2 > n 2 ° > 0 , 



140 Fr. Kaiser • Coherent Excitations 140 

(SS 2 stands for "steady state solution 2"), where 
the sign of equality holds for 0 1 = O = 02- A 
detailed investigation shows that the SS 2-solution 
is unstable. Both from a mathematical (i. e. unstable) 
and a physical (i.e. both unstable and negative) 
point of view the latter solution must be neglected. 
We are left with the SS 1, a qualitative picture of 
which is shown in Figure 1. 

<»a>S 

Fig. 1. Steady state excitation <ns>s ( s — 1.2) as a func-
tion of the external phonon flux 0 [vid. Eq. (20)] in the 
2-mode approximation. Only the stable solutions are drawn 
(arbitrary units are used). 

An extension of these calculations to a set of 
n oscillators is straightforward but very cumber-
some. One must solve a set of n coupled quadratic 
equations, leading to n separated quadratic 
equations which in principle can be solved. The 
result would be two sets of solutions 

{<™l>s, 1, <™2>s, 1 • • • s, l } , 

{<™l>s, 2, <>2>s, 2 • • • <W»>s, 2} 

methods must be taken into account if one wants 
to know the behaviour of the <wx)8 with varying 
flux. 

6. Approximate Steady State Solutions 

The steady state solution is a function of all 
other steady state solutions {<%)s} with 0)j>(0i 
and the phonon flux &i. The {<V&/>8} in turn are 
functions of the set of phonon fluxes {0j} and of 
the {<wi)s} with a>i <<*);. We want to discuss the 
<w$>s-solution as a function of the energy supply by 
phonon transport and of the coupling parameters 
alone with the <%>s eliminated. Instead of a rather 
difficults elimination procedure for the <w/>8 
variables of Eq. (11), we try an approximate 
method. We assume that the are essentially 
determined by the one-phonon processes and by 
phonon fluxes. In a first approximation we neglect 
the two-phonon processes in Equation (12). The 
result is 

<W/>8<1) = Jj 

1/T/+ U|2 
(26) 

For — 0, the solution must be 

<nj>s(1) U=0 = nJ° 

leading to N°(co)) — nj° 
simplified to 

0j Xj 

(27) 

Equation (26) can be 

<^>sd )=njo 
1 + TJ\X\ 

= rij° + drijW (28) 

which means that the excitation of the modes is 
approximately given by its thermal value plus an 
increase proportional to the phonon flux. We 
replace (jij^B of Eq. (11) by <WJ>b<D. Then the 
result is 

/ 0] tj \ m0 

A|2 iV°(a>j) + 2 I H\2(N°(COJ - OH) + 1) [NJ° + J + — + 0T 

the stability of which must be checked. 
In practice this method can only be applied for a 

low number of oscillators at most. Approximate 

<Wi>8< i) = j>i 1 + T]\?l\ 
1 
T i 

+ 
j>i \ 

The above approximation [Eqs. (26), (29)] is a 
reasonable one, if the phonon fluxes {@j} are small. 
But this latter restriction is to a certain extend 
already recommended in the derivation of the 
transport term [vid. Eq. (3)], where one has 
restricted to a linear transport term. We emphasize 

0j Tj 

1 -f Ty I A12 

(29) 

that the fluxes {0 j } have to be made consistent 
with the definition (3) after the approximate or 
exact steady state solutions have been found. 

Equation (29) is restricted to processes with 
Wi<.coj. The complete steady state solution for an 
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arbitrary frequency an is given by a combination of 
Eqs. (11) and (12) or directly from Eq. (10). It reads 

<^>s<i> 

with 

ti 

r i 

(30) 

and 

Ai = 2\h\HN0((Oi-coj)<n}y8a) 
j < i 

+ 2 I h\HN0(coj - co,) + 1) <»,>.<», 
j > i 

^2 = 21 ~ "J) + <^>S(1) + 1) 
i < i 

+ 2 If 2|2(̂ °(ft>Jr - COi) - <^>S(D) . 
j > i 

(jij}s has been replaced by <%)s(1) (vid. Equation 
(28)). 

A qualitative behaviour of the steady state 
excitation <Wi)s(1) as a function of the external 
phonon fluxes {0j} is given in Figure 2. For 
simplicity we have drawn the steady states for 
equal fluxes, i.e. 0i = 0 j = 0 x — • • •. Details of the 
behaviour depend on the model parameters. These 
include the average spacing of the energy levels 
within the frequency band and their width, the 
number of oscillators (i.e. frequencies within the 

Fig. 2. Qualitative behaviour of the steady state excitation 
<»s>s(1) as a function of the external phonon flux 0 [vid. 
Eq. (30)]. Only the excitations for the lowest, the highest 
and some intermediate frequencies are drawn, i.e. 
o)\ = comin <coa < cot, < a>i < o)m <a>2 — comax. The dashed 
lines represent the steady state excitations for vanishing 
nonlinear coupling, i.e. 
are determined by the 

y_i\2, | 12—>0. The low frequencies 
%212-processes, the high-frequency 

excitations by the | y_i |2-processes. For 0 -> 0Ci i, the low-
est mode becomes strongly excited (arbitrary units are 
used, 0 = 0 are the thermal values). 

band) and the coupling strengths for the different 
processes. However, changes of some or all of these 
parameters do not alter the global behaviour which 
is shown in Figure 2. 

7. Results and Discussion 
To give an interpretation of the preceding results 

it is useful to start with Eqs. (11) to (13). The 
steady state solutions can be divided into two 
groups with respect to the three phonon processes: 
I. ai+ajbx+ -fee including the energy conservation 

condition co,= (Oj — Qx and the steady state 
occupation <[ni)s [vid. Equation (11)]. 

II. ai+ajbx-\-cc including the energy conservation 
condition a>i = coj + Qx and the steady state 
occupation < [ v i d . Eq. (12)]. 

Only in processes of the type I a minus sign 
appears in the denominator of the steady state 
solution. This means that a strong excitation is only 
achievable for the lower frequency part of the set of 
oscillators. The condition for a strong excitation 
("Bose-condensation" like behaviour) reads [vid. 
Eq. (11)] 

4 V (31) 

— + W + 2 I h IHN^COJ - (Oi) - <n,\) - > 0 + . 
j > i 

The same condition follows from Eq. (lib) with 
(Oi — jUi 0+. The | xi 12-processes [vid. Eq. (30)] 
can be neglected for frequencies co* of the lower 
part. For at least some of the f s (j > i) one must 
have: (condition (31) can be split into several parts): 

a) <%>s > nj° or equivalently 6rij > 0. This 
condition must be valid since one always has 
N°((Oj — a>i)>nj°. This means that at least some 
of the oscillators with higher frequencies must be 
excited above their thermal values. 

b) N°((Oj — (Oi) — rij0 — drij<0 for at least some 
of the f s, since the first two terms of (30) are 
positive. The value brij for which this condition can 
be fulfilled is given by a>i — (omm, i.e. for the 
smallest frequency co*. Thus it is the lowest mode 
which first can undergo a transition to a "Bose-
condensation" like behaviour. 

c) i.e. the 
j > i 

combination of the complete set of three phonon 
processes with co_/>cof must lead to a negative 
contribution in the denominator of Equation (11). 
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This means that the term 
1\h\2 <w<> (<nJ> - <N H -a>i)>) 

)>i 

of Eq. (10) must be positive. Thus an autocatalytic 
or positive feedback type of process must become 
effective in the original kinetic equations. A more 
detailed discussion of this behaviour is in Appen-
dix C. 

The conditions a), b) and c) are necessary but not 
sufficient for Eq. (31) to be valid. In addition one 
must have the following situation: 

d) The three-phonon processes (represented by 
| £212) must be strong, i.e. they must be comparable 
to the two-phonon (|A|2) and the relaxation 
processes (1 /n). Thus the direct processes system-
heatbath and the additional relaxation paths are 
not the only dominating processes, contrary to the 
situation which one would usually expect for simple 
oscillator systems. This demonstrates the essential 
importance of nonlinear interactions in systems 
which model biological order and function. Further-
more the necessity for an athermal excitation of at 
least some modes (i.e. requires non-
vanishing phonon fluxes. This can be seen from 
Eq. (17) and the comment following it and also in 
a more direct way from Equation (29). By means of 
the latter one Eq. (30) can be rewritten in an 
approximated version 

+ (32) Ti j > j 

• [N<> (COj - Oil) - n 0 } ) 0+. 
\ 1 + T/|A| 2 / 

As a result of Eq. (32), the phonon flux &j for at 
least some of the j's must exceed a certain value c , 

0 h e = (1 + ri | A|2)(tfo(o>/ _ Mi) - njO) (33) 
in order to permit a highly excited low frequency 
mode cot. Since the critical flux &j,c is smallest for 
the lowest frequency (i.e. cof = wmin), a strong 
excitation will preferably take place for the lowest 
mode. 

The above considerations show a preferential 
excitation of the lower modes. Under rather 
restricted conditions this may lead to a very strong 
excitation of the lowest mode ("Bose-condensation" 
into the lowest mode). However, this can only be 
achieved if the system is externally pumped with a 
pump strength above a critical value and if the 
coupling between the oscillator system and the bath 

is strong and nonlinear. Then a redistribution of the 
externally supplied energy between the various 
degrees of freedom becomes possible. The resulting 
excitation and stabilization of a single mode far 
above thermal equilibrium (i.e. coherent excitation 
of an electric vibration) may in turn lead to a new 
order and function of the system. 

However, there is no sharp transition from a 
normal to a "Bose-condensed" state. The modes 
which are next to the lowest one participate on the 
excitation of the lowest mode, although then-
excitations are appreciably smaller. Details of the 
excitations of the different modes depend on the 
system's parameter, i.e. the coupling strength for 
the different processes, the number of oscillators, 
the average spacing of the energy levels within the 
band and their width etc. A suitable choice of 
these parameters can be done in such a way that 
the excitation of higher frequencies is almost 
completely suppressed against that of the lowest 
one. Furthermore, the coupling parameters are 
frequency and temperature dependent, a fact one 
should take into account if one wants to study the 
detailed quantitative behaviour of the steady state 
excitation. Such an extended investigation only 
makes sense if the model is replaced by a more 
realistic one, i.e. by one in which the set of oscilla-
tors can be attributed to a specific and somewhat 
well-defined active part of a biological system. 

It should be emphasized that our results rest on 
particular material conditions, above all on the 
large magnitude of the nonlinear interaction | %2\2-
The latter condition has been chosen in close 
analogy to Fröhlich's original proposal. If this 
condition is not valid, higher nonlinear processes 
involving three or more quanta of the system must 
be considered. 

This would lead to additional conditions for a 
possible "Bose-type" of excitation, although the 
number of suitable nonlinear processes is extremely 
restricted. In Appendix C it is shown that processes 
of "autocatalytic" nature are necessary. Other 
terms, e.g. nonlinear direct interactions within the 
set of oscillators could also be important and may 
well give rise to a further competition between 
exciting and de-exciting processes. 

If one takes into account double creation and 
double annihilation processes (i.e. ßat+aj+bx-\- cc, 

= coj) one has to modify Equation (11). 
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A combination of this latter equation and Eq. (B.6) 
(vid. Appendix B) leads to (| 12 — | ß\2)<nj>s 

2 (rij}s alone in the denominator of 
For | 12 = | ß 12> the only term 

instead of | %2 
Equation (11). 
with a negative sign would cancel, a "Bose-type" of 
excitation would become impossible. However, it 
can be shown by a more detailed investigation of 
the coupling constants that usually one has 
| £212 > | ß\2. This has also been shown in (22). In a 
more realistic model system one should also take 
into account a coupling to nonoscillating systems, 
(e.g. free ions — mobile ionic groups — low lying 
electronic levels) in addition to the simple heatbath 
(26). Under certain conditions then two phonon 
absorption or emission processes might become im-
possible, since only Qx = a>j — cot but not Qx = a>j 
+ cot is allowed for energy conserving processes. 

8. Summary and Outlook 
We have applied a modified Peierls-Boltzmann 

transport equation formalism to study the problem 
of a possible ''Bose-condensation'' like excitation 
of simple model system. This formalism has been 
chosen in order to supplement Fröhlich's rate 
equation approach by a microscopic treatment. It 
has been shown that our result corresponds to that 
of Fröhlich if some approximations and simplifying 
assumptions are applied to our microscopic kinetic 
equations (vid. Chapter 4 and Appendix A). One of 
these approximations was the replacement of the 
steady state values of the bath variables <Ar«)s by 
their thermal values Nx°. This replacement corre-
sponds to the assumption of detailed balance in the 
rate equation approach. However, the possible 
existence of a "Bose-condensation"-like behaviour 
does not depend on this approximation. The only 
condition with respect to our model is that a set of 
externally pumped oscillators Si (transporting 
system) is nonlinearly coupled to a system of non-
pumped oscillators (nontransporting system S2). 

An alternative kind of a model would be the 
nonlinear coupling of a phonon transporting system 
(similar to $1) to a singular local degree of freedom, 
which would replace the system of oscillators (e.g. 
heatbath) S2 [27—29]. It has been shown that the 

local degree of freedom gets strongly excited if the 
phonon flux in system S1 exceeds a threshold value 
&c [23, 24], Depending on the details of the internal 
nonlinear kinetics, a hysteresis type of transport 
phase transition is possible. In this model a singular 
mode is coherently excited instead of the lowest 
one of a set of oscillators. In both cases, however, 
the externally supplied energy is preferably 
channeled into a single mode where it gets stored. 

Appendix A 
Fröhlich's Rate Equation Approach 

In a series of papers Fröhlich [2, 4, 7] has 
presented his vibrational model. In this phenom-
enological approach the following steady state 
solution has been given by [vid. Eqs. (3.11) and 
(3.15) of Ref. [4]] 

cp Sj 

. (i _ e X p ( - ßn))(exV(ß(ü>i - f i ) - l ) ) - i 

with the chemical potential n given by 

<P + xl^i1 + ni) 
i 

m = U + - - 7 T (A.l) 

exp { - ß / u ) 
V + XZn3exV(ß 

i 

(A.2) 

and 
S = 2si = v2(ni exP (ß o>i - (m + !)))• (A-3) 

i 

Together with Eqs. (A.2) and (A.3) Eq. (A.l) can 
be rewritten 

n =ll Si \ 
q> + X^nj co,) \ 

. ( e x p O S ^ - / / ) - l ) ) " i . (A.4) 
The total rate of change of mode lc has been given 
by the rate equation for first- and second-order 
processes (i. e. two- and three-phonon processes): 

nt = St — cp{ni exp(ß an) — (nt + 1)) 
— X^(ni(l +nj)exip{ßa>i) (A.5) 

j 
— (1 -f- m) nj exp (ß co])). 

If one replaces the chemical potential exp(—ßju) 
(Eq. (A.2)), one can derive the steady state solution 
in the form 

nt = i 
(exp {ß (Oi) — 1) cp + x 2 (exP (ß Mi) + ni) — exP (ß ni) 

(A.6) 
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In order to compare this phenomenological result 
with our steady state solution of the Peierls-Boltz-
mann transport equation [vid. Eqs. (11) and (12)], 
we have to introduce the relations 

X -^x2exV(-ß(Oi)N°(Qx = (Oj-(Oi), ( A . 7 ) 

<p y N°(QX = Wi), (A.8) 

S t -+&i . (A.9) 
In a similar way one can derive the relations 

2->Xiexp(— ßo)t){N(Qx = on — (Oj) + 1) 

= J i e x p ( — ßcoj)N(Qx = on - (Oj), ( A . 10) 

ß->ßN(Qx = (Oj + (Oi), (A.ll) 

if one takes into account second-order processes 
with Wi>(Oj and processes with double phonon 
creation and annihilation, respectively. 

Equation (A.6) can then be rewritten 
0 , + q> NO (on) +2x(N° («>/ ~(Oi) + l)uj 

i Ui = — 

V + J4X(N°(C0) ~ (*>i)—nj) 
(A.12) 

where the relations 
N°(o)j) = ( e x p (ß (Oj) - I ) " 1 

and 
(N°(ct)j) + 1) = eß(01 N° (o)j) 

drii = 
Si + X 2 Ui° exP (ß ^ (exP $ 03ti 

i 

i.e. thermal distributions, have been used. 
A comparison between Eqs. (11) and (A. 12) 

shows that the steady state solutions are identical, 
if one neglects the relaxation process in Eq. (11) 
and if one identifies the coupling constants (p and % 
with |A|2 and | £212, respectively. It should be 
noted that the assumption of thermal values for 
the {iV*} is not necessary in Eqs. (11), but is 
indispensable if one proceeds from Eq. (A.6) to 
Equation (A.12). Furthermore, from Eq. (A.12) we 
can see that the rate equation approach (Eq. (A.5)) 
describes the second order process with (Oj>a>i. 
The case with a>,>co; is considered if one makes 
the replacement (A.10) instead of (A.6) in Equation 
(A.6). In this way Eq. (13) would result. 

It is rather obvious that under the same condi-
tions an identity between Eqs. (A.2) and (lib) and 
between Eqs. (A.4) and (11a) can be established. 

A useful version of Eq. (A.6) is given by 
1) dnj 

(A.13) (exp (ß (Oi) - + 2 X ni° exP (ß «>/)) + X 2 (exP (ß ~ exp (w})) dn} 

with drii — Ui — 

Appendix B 

The complete interaction Hamiltonian [Eq. (7)] leads to the kinetic equation 
(rii) — ni° 

dt <ni) = Oi 
Tf 

+ Ca + Cd + Cx( i) + Cy2> + Cß + Cy 

with 
Cx = 27t2 I A|2«^x> - <"<» ö((Oi - Qx), 

X 

C6 = 2 TT 2 I ^ I 2 (<ni Nl> - <ni N*> + <N* N*> + <N*>) 6 («>« + ' 
x,l 

Cz<2) = 2 TT 2 I X112 K% - <ni N*> + o * nl> + <nl» d((Oj-(Oi-Qx), 
h * 

i>i 

CZ(D = 271 2 I x\2((nJ N*y — N*> — <-ni ni> — <ni>) ö(Mi — (Oj — Qx) , 

7<i 
Cß = 2n 2 I ß\2 «>, Nxy + <n} Nx> + <NX> - <nt n}» Ö (co} + co, - Qx), 

Cy = 2 712 IY12 (<wi ni Ni> + <w/ N* N*> — (ni N* — <nini N*> — ni Ni> 
i, i 

— <Jii Nx}) ö (cOi — (Oj + Qx — Qi). 

(B.l) 

(B.2) 

(B.3) 

(B.4) 

(B.5) 

(B.6) 

(B.7) 
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We perform the factorization procedure and apply 
the same approximations as in Chapter 3. For the 
time independent problem we find the steady state 
solution 

Oi>s = + + + B^j (B.8) 

where A, B are given by 
A = |l|2^(co<) 

+ 2 | d [2NO (a,, + Qx) (NO ((ot + Qx) + 1) 
X 

+ Z\ h\HNO(<o} - cot) + 1) <nj>s 
i>i 

+ 2\h\2(N°(coi-co})(nj\ 

+ 2\ß\HN0(a)t + a>j))(<nj>B + 1) 
i 

+11 y I2 <%>s(^°(coi - C0j + Qx) + 1) 
i, x 

•JVro(ft,; + i2*-ft)i) ; 
B = I + 2 I - Qx) - N0((Oi + Qx)) 

X 

+ Z\h\HN°((oj - (Of) - <,nj>B) 
j>i 

+ 2 I h\HN°(o>i - coj) + 1 + <nj>s) 
i<i 

+ 2\ß\H<nj>s-N0(coi^-coj)) 
i 

+ 2 1 y\2{N°(coj + QX- cot) 
h * 

• (NO(cot + Qx-coj) + 1 + <nj\) 
— N°((Oi + Qx — (oj) (nj>s) • 

For all possible values of the parameters and 
variables one finds A > 0, the numerator of Eq. (B.8) 
is always positive. In the denominator of Eq. (B.8) 
there are two terms which can lead to negative 
contributions 

\X2\2(N0(o)j - cot) - (nj)B) 
and 

\y\2(N0(coj + ax-(Oi) 
— N°(coi -I-&x- (oj)) <nj\ . 

Both terms can only become negative for o)i<.coj. 
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Appendix C 

The applied kinetic equations have the structure 

<[ni> — </2<i)o 
8, <W,> = 0t - ^ ^ + F({nj}). (C.l) 

T i 

The nonlinear function F({nj}) is determined by 
both the interaction Hamiltonian Hi and the 
transition probability WßV. Quite generally, the 
highest nonlinear term cancels out. With 

F({nj}) = aini + ^ajnj + 2 a* H 
i x 

+ 2 bv nin1 + 2 bi Ui + 2 ninx-\ 
j * h x 

+ 2 cv n t ni nx ^ — (c-2) 
h" 

the steady state solution reads 

<m>i = (C.3) 

+ + 2 (a3 ni + a* n* + hi*n1 ) 

di — 2 bij nj — 2 biX nx — 2 Cijx nj nx 
j x j, x 

A strong excitation of the mode i requires a small 
or nearly vanishing denominator in Equation (C.3). 
At least one of the coefficients by, biX or CiX must be 
positive. From Eqs. (C.l) and (C.2) it then follows 
that 

0t <*<> = — + » , /+••• (C.4) 

is required, with / = / (nj, nx ...) > 0. Equation (C.4) 
indicates that phonon processes with an "auto-
catalytic" reaction type of structure are necessary 
for Bose-condensation like behaviour. 
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